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constant dynamical-quark mass. This range already allows to exhibit some evidence for
a sizable 1/µ2 correction to the asymptotic behaviour, as in the quenched approximation,
although a fit without power corrections is still possible with a reasonable χ2. Following the
conclusions of our quenched study, we take into account 1/µ2 correction to the asymptotic
behaviour. We find Λ
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MS
= 264(27)MeV × [a−1(5.6, 0.1560)/2.19GeV], which leads to
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The non-perturbative calculation of the running coupling constant of QCD is certainly
a very important problem. In pure Yang-Mills it has been performed with several different
methods, the most systematic ones using the Schro¨dinger functional [1], and the gluon
Green functions [2]–[5]. It is noticeable that the latter two methods, although very different,
end up with perfectly compatible values for ΛQCD.
Of course the real challenge is to compute αs with dynamical fermions. This task has
been undertaken using NRQCD several years ago [7, 8, 9] and, once extrapolated to MZ
leads to rather satisfactory values for αs(MZ). Recently, the QCDSF-UKQCD collabo-
ration [10] and the ALPHA one [11] have reported progress in determining αs with two
flavours using relativistic lattice QCD and nonperturbatively improved Wilson fermions.
In this letter we will report our work consisting in applying the Green function method
estimate [2]–[5] with non-improved Wilson dynamical quarks. The principle of the method
is quite simple since it consists in following the steps which are standard in perturbative
QCD in the momentum subtraction scheme. This gives immediately a nonperturbative
estimate of the coupling constant at different scales. Its running can be confronted to
the perturbative QCD expectation. We use the M˜OM renormalization scheme which
corresponds to using an asymmetric subtraction point : p21 = p
2
3 ≡ µ2, p2 = 0. This scheme
proved to give rather good signals and, in spite of the zero momentum, no pathology has
been seen.
∗Unite´ Mixte de Recherche du CNRS - UMR 8627
†Unite´ Mixte de Recherche C7644 du CNRS
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From our study of the pure Yang-Mills case [3, 4, 5] we have learnt two main lessons:
one is that a study of the asymptotic behaviour of αs needs a large energy window, since
the value of ΛQCD we are looking for depends on the weak logarithmic dependence of αs
on the energy scale µ, the second is that the 1/µ2 correction can be sizable up to a large
energy.
We aim at computing αs, ΛQCD and the power correction term with two flavours of
dynamical quarks. This requires, as we shall see in more details, an exploration of the two-
dimensional (g0,msea) bare parameter space. To this goal we have run lattice simulations
on several 164 lattices. Notwithstanding the modest volumes of these lattices, we realised
that some interesting physics can already be extracted. Furthermore, the exploration of the
bare parameter space provides us with new data which might be of interest for unquenched
studies by the lattice community. This legitimates in our opinion a progress report which
is the aim of this paper.
1. Our strategy
We have computed in the Landau gauge the two-gluon and three-gluon Green functions
leading to a nonperturbative calculation of αLatts (µ) in the well defined MOM schemes [2, 3].
At energies µ above 2.6GeV we will fit this function by
αLatts (µ
2) = αs,pert(µ
2)
(
1 +
c
µ2
)
, (1.1)
where αs,pert(µ
2) is the perturbative running coupling constant computed to four loops
from some fitted ΛQCD, and αs,pert c/µ
2 is a power correction which has proven, in the
Nf = 0 case, not to be negligible up to 10GeV, and was eventually traced back to an
OPE condensate < AµA
µ >. The reason for choosing as in eq. (1.1) a non perturbative
correction ∝ αs,pert(µ2)/µ2 instead of simply ∝ 1/µ2 is twofolds:
(i) Theoretically, an OPE study [5] including a computation of the anomalous dimen-
sion of the coefficient of < A2 > leads to an expected energy dependence close to
αs,pert(µ
2)/µ2;
(ii) Practically in the quenched as well as unquenched case the fit with αs,pert(µ
2)/µ2 is
much more stable for changes of the energy window than the fit with 1/µ2. The
former stability will be illustrated in table 2.
Interestingly, αLatts is at the same time both the goal of our study and a very useful tool:
from the lattice simulations one extracts the continuum αs up to small lattice artifacts;
lattice spacing ratios are then fitted to preserve the continuity of αs(µ) for the whole set
of data.
This program is performed on hypercubic lattices in order to simplify the necessary ten-
sorial analysis of the Green functions.1 In the Nf = 0 case we combined β = 6.0, 6.2, 6.4, 6.8
1This does not allow to compute the ρ meson mass, which is better performed on lattices longer in time
direction than in space. Some consequences will be discussed later.
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quenched lattice simulations, i.e. a lattice spacing ranging from∼ 0.03 fm to 0.1 fm, in [3, 5],
allowing to reach momenta up to 10GeV.
With dynamical fermions the physics depends on two parameters, β which represents
the bare coupling constant and κsea representing the bare dynamical-quark mass. A wide
energy window is reached by combining simulations with different lattice spacings and
the same renormalised dynamical-quark mass expressed in physical units. The problem is
of course that we do not know a priori for a given β which κsea corresponds to one given
renormalised dynamical-quark mass in physical units. This needs as mentioned above some
exploration of the (β, κsea) parameter space to find one or several lines of equal dynamical
masses. In view of the computational cost of such an exploration we have chosen to perform
it on a small volume, 164.
We now would like to sketch our strategy to compute the lattice spacings and the renor-
malised dynamical-quark masses in this exploratory stage on a 164 volume. We proceed as
follows. We start from a calibrating set of parameters (β, κsea) for which some published
results yield the inverse lattice spacing a−1 computed from some hadronic quantity, for
example the ρ meson mass. We then estimate a−1 for other values of (β, κsea) by match-
ing2 the value of αs(µ). This uses as an assumption that we may neglect the dependence
of αs on the dynamical-quark mass, at least in the mass range under consideration. This
assumption is not more arbitrary than any other calibration based on, for example, the
physical ρ meson mass, which neglects the unknown dependence of the ρ meson mass on
the dynamical-quark mass.
Once we have estimated the lattice spacings for all our lattices with different sets
(β, κsea), we estimate msea from the ratio ∂µA
µ/P5 where A
µ is the axial current and P5
the pseudoscalar density, computed for a valence quark3 with the same bare mass as the
dynamical quark (κval = κsea).
At the end of this procedure we can fix with a reasonable accuracy a set of couples
(β, κsea) which includes our calibrating lattice and for which the dynamical-quark mass
remains constant in physical units when β is varied. This knowledge allows for a preliminary
analysis of αs with two flavours, of the resulting Λ
Nf=2
MS
and power correction term, and
finally of αs(MZ). This will be presented in this letter.
Still we do not forget that finite volume effects may be large in such a small volume,
that our dynamical-quark masses are large, etc. We will therefore briefly discuss sources
of systematic uncertainties at the end of this letter. We are however now in a position to
launch the calculations on a larger volume 244 and/or with lighter masses and correct for
the biases of our present results.
2. Some useful perturbative formulae
We now proceed to establish the conventions and to introduce the formulae that we will
2Our matching procedure was proved to be succesful when applied to quenched data, where lattice
spacings are well known [6].
3We call valence quarks the quarks which contribute to the current densities and propagate in the gauge
field background. The latter depends on the sea quark mass. The theory is unitary only if valence and sea
quarks have the same mass. However we will also make use of κval 6= κsea as an intermediate step.
– 3 –
J
H
E
P01(2002)046
use in the following. αs,pert(µ
2) in eq. (1.1) stands for the perturbative running coupling
constant expanded up to the fourth loop and verifying (in this section we write α instead
of αs,pert(µ
2) to simplify the notations)
d
d lnµ
α = −
(
β0
2pi
α2 +
β1
4pi2
α3 +
β2
64pi3
α4 +
β3
128pi4
α5
)
. (2.1)
In all schemes
β0 = 11− 2
3
Nf β1 = 51− 19
3
Nf , (2.2)
while β2, β3 depend on the particular scheme. The values we need for the M˜OM scheme
can be found in ref. [12]. The exact integration of eq. (2.1) to the third loop, with the
standard boundary condition defining the Λ parameter [13], leads to [3]
Λ3loops = Λ(c)(α)
(
1 +
β1α
2piβ0
+
β2α
2
32pi2β0
) β1
2β2
0 ×
× exp
{
β0β2 − 4β21
2β20
√
∆
[
arctan
( √
∆
2β1 + β2α/4pi
)
− arctan
(√
∆
2β1
)]}
, (2.3)
where Λ(c) denotes the conventional two loops formula:
Λ(c) ≡ µ exp
(−2pi
β0α
)
×
(
β0α
4pi
)− β1
β2
0 ; (2.4)
and ∆ ≡ 2β0β2 − 4β21 > 0 in the M˜OM scheme which we use. If one only retains the first
correction coming from the perturbative fourth loop, it can then be written
Λ4loops = Λ3loops exp
(
− β3
64pi2β20
α2
)
. (2.5)
In the previous formula, of course, the use of Λ, α and β’s stands for the Λ parame-
ter, the running coupling constant and beta function coefficients in the particular M˜OM
renormalisation scheme. From now on we will systematically convert Λ into ΛMS using [3]
ΛMS = Λ exp
[
− 1
22
(
70
3
− 22
9
Nf
)]
. (2.6)
No analytical expression can exactly inverse neither three-loop eq. (2.3) nor four-
loop eq. (2.5). The following formula gives nevertheless an approximated solution to the
inversion of the perturbative expansion of eq. (2.5):
αs,pert(µ
2) =
4pi
β0 t
− 8piβ1
β0
log(t)
(β0 t)2
+
+
1
(β0 t)3
(
2piβ2
β0
+
16piβ21
β20
(log2(t)− log(t)− 1)
)
+
1
(β0t)4
×
×
[
2piβ3
β0
+
16piβ31
β30
(
−2 log3(t) + 5 log2(t) +
(
4− 3β2β0
4β21
)
log(t)− 1
)]
, (2.7)
where t = log(µ2/Λ2). The exact numerical inversions of, for instance, eq. (2.5), can be
easily obtained; but, of course, such an exact inversion and the approximated solution in
eq. (2.7) should only differ by perturbative contributions of order higher than four loops.
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β κsea Volume κpc a
−1 (GeV) msea (MeV)
5.6 [14] 0.1560 163 × 32 2.19(8)
5.6 [14] 0.1575 163 × 32 2.38(7)
5.6 [15] 0.1575 243 × 40 0.15927(5) 2.51(6)
5.6 [15] 0.1580 243 × 40 0.15887(4) 2.54(6)
5.6 0.1560 244 0.16053(3) 2.19(8) 164(7)
5.6 0.1560 164 0.16048(13) 2.19(8) 164(7)
5.6 0.1575 164 0.1593(1) 2.42(9) 79(3)
5.8 0.1500 164 0.15672(6) 2.45(13) 325(18)
5.8 0.1525 164 0.15555(12) 2.76(7) 173(4)
5.8 0.1535 164 0.15522(9) 2.91(18) 103(16)
5.8 0.1540 164 0.15499(6) 3.13(13) 64(5)
6.0 0.1480 164 0.15272(7) 3.62(10) 391(12)
6.0 0.1490 164 0.15262(7) 3.73(13) 308(12)
6.0 0.1500 164 0.15238(4) 3.78(14) 213(3)
6.0 0.1505 164 0.15240(5) 3.84(15) 169(8)
6.0 0.1510 164 0.15207(3) 3.96(16) 96(4)
Table 1: Data taken from literature and first iteration estimates from our runs. κpc is defined in
subsection 3.3. The dynamical-quark masses are renormalised in the MS scheme at 3GeV.
3. The First iteration
3.1 Lattice spacings
The lattice parameters which we have used for our simulations are displayed in table 1
together with our estimates of the pseudocritical κ’s, κpc, defined in subsection 3.3, of the
the lattice spacings and of the sea quark masses.
We will not repeat the method used to extract αs from Green functions as it is exactly
similar to what was done in the pure Yang-Mills case. The M˜OM scheme uses the “asym-
metric” three point Green function, i.e. with gluon squared momenta (0, µ2, µ2) where
µ2 = n(2pi/L)2, n being an integer.4 Let us nevertheless recall that the “asymmetric”
three-point Green function turned out to be more convenient for our purpose than the
symmetric one (i.e. with gluon square momenta (µ2, µ2, µ2)): the high accuracy achieved
in our quenched study [2, 3, 4, 5] gave us some evidence that the “asymmetric signal” was
less noisy than the symmetric one, while being as reliable (more momenta available and no
observable infrared pathology due to the zero momentum).
In table 1, we give the full set of runs performed and the preliminary values obtained
for a−1 and msea. In the first four rows, we also quote sets of values taken from literature
[14, 15]. In particular, the value a−1 = 2.19(8) GeV for (5.6, 0.1560) is taken from [14] and
we will use it to calibrate all our runs. As already mentioned, ratios of lattice spacings
result from imposing the continuity of αs(µ) from different lattices, neglecting the expected
4Any integer verifies n =
∑
i=0,3 n
2
i for at least one set of integers ni, i = 0, 3 (Lagrange’s four-square
theorem).
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small dependence of αs on the dynamical mass msea. Since the error on the calibrating
a−1 propagates trivially to ΛQCD we will use 2.19 GeV without its error until eq. (4.2); a
discussion of these errors will follow eq. (4.2). Thus the errors quoted here for a−1 only
stand for the ratios.
3.2 Sea-quark masses
Once the lattice spacings are estimated, we also need to compute amsea. To this aim we
compute the propagators of valence quarks for several κval among which one with κval = κsea
in order to be able to deduce the mass of the sea quark from the estimated mass of the
valence quark.
This is done using the ratio
ρ =
1
2
∑
~x P5(0)∂0A0(~x, t)∑
~x P5(0)P5(~x, t)
, (3.1)
where P5 is the pseudoscalar density, and Aµ the axial current.
To estimate the ratio ρ in (3.1) we have used two methods. The simplest consists in
looking for a plateau of the ratio, the time derivative in the numerator being computed
by a symmetrised discrete difference. However this “brute-force” estimate appeared to be
affected by some strong O(a) effects in several cases.
The second method, which is a variant of the one proposed in [16], fits on some time
interval the 〈P5P5〉 in the denominator by a cosh function and the 〈P5A0〉 in the numerator
by a sinh with the same “mass” term.5 The time derivative of the sinh in the numerator
is then proportional to the cosh in the denominator and the ratio gives an estimate of the
ratio ρ in (3.1). We have used the second method because it turned out to be more stable
against the change of parameters (domain of the fit) and to provide a better continuity
when κ is changed.
The valence mass is given by
amval =
ZA
ZP
ρ . (3.2)
For ZA and ZP in the RI-MOM scheme, we have taken [17] ZA = 0.77(1) and ZP = 0.54(1)
i.e. ZA/(2ZP ) ' 0.71 at µ = 3GeV (the value of ZP is derived from the Ward identity
value of ZP /ZS [18]). The large Goldstone pole contribution stressed in ref. [19] is claimed
6
to be eliminated in this value of ZP . A more careful study of the renormalization constant
will be performed soon.
From amsea and a
−1 we extract the masses presented in table 1. These masses are
computed in the MS scheme (3GeV); the conversion from RI-MOM to MS is obtained by
using formulae involving the four-loop anomalous dimensions of the quark mass [20].
5It is not really a mass since the very short time interval considered does not allow to isolate the ground
state. It nevertheless turns out that the data for 5 ≤ t ≤ 11 can be satisfactorily fitted respectively with a
cosh and a sinh.
6Indeed, in ref. [23] this method is applied and agrees with ref. [24], obviously free of Goldstone boson
contribution. Although the Goldstone boson question is not commented in [23] this seems to confirm the
above-mentioned claim.
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3.3 Pseudocritical κ: κpc
For any parameter set (β, κsea), having computed the valence masses for several values of
κval we extrapolate to a vanishing valence mass. We call “pseudocritical κ”, κpc(κsea), the
value of κval for which mval = 0. The values of amval as a function of 1/κval are perfectly
compatible with linear fits.
The pseudocritical κ’s as a function of 1/κsea are also compatible with a linear fit
except for one point at β = 6.0: κsea = 0.1510. We did not succeed to understand the
reason for this unusual behaviour and have for the moment withdrawn this point from
our fit for β = 6.0. We call “critical κ” (κc(β)) for one β the value of κsea at which the
extrapolated κpc is equal to κsea: κpc(κc) = κc.
Our results for κc are the following:
κc(5.6) = 0.158480(32) , κc(5.8) = 0.154682(34) , κc(6.0) = 0.152012(34) . (3.3)
At β = 5.6, we made the extrapolation using two runs performed by us, (κsea = 0.1575 and
κsea = 0.1560 (24
4) ) and a third one at κsea = 0.1580 taken from [15]. The value of κc(5.6)
we obtained is perfectly compatible with the one (κc(5.6) = 0.15846(5)) published by
SESAM [14]. Replacing our run on 244 by the one on 164 induces no significant difference.
To our knowledge, the last two values are new.
3.4 Some tests of finite volume effects
It is clear that a critical point in everything we report here is the risk that finite volume
effect might spoil our results. In our mind the present work should be mainly a preparation
for similar runs on larger volumes (244) and we want to be sure that the information gath-
ered on 164 is relevant enough to tune our parameters for a larger volume. We performed
two checks with this purpose.
The first one is the comparison of the two runs at β = 5.6, κsea = 0.1560 reported in
table 1. It can be seen that there is no significant difference between the results for 164
and 244.
The second one relies on the idea that there could be some kind of first order phase
transition at very small volume, a deconfinement and/or chiral restoration transition. Chi-
ral symmetry restoration has the effect of eliminating the Goldstone boson and thus of
invalidating the relation m2P ∝ (mq + mq¯) where mP is the lightest pseudoscalar meson
“mass”7 and mq (mq¯) the (anti)quark mass.
Our analysis has found empirically that all our lattice data7 can be fitted to a good
accuracy by the following formula:
m2P = 2Bmsea +
r
V
. (3.4)
Here mq = mq¯ is the dynamical-quark mass, and V the lattice volume, both expressed in
7We included the run at β = 6.0, κsea = 0.1510 in this analysis to test in a different way its chiral
behaviour; however it did not exhibit any pathology here.
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Figure 1: Finite size effects on chiral behaviour.
physical units. We still take the quark mass renormalised in the MS scheme at 3GeV. We
then obtained
B = 2.74(5)GeV , r = 1.41(5)GeV2 fm4; (3.5)
from a best fit with a χ2/d.o.f. = 0.57 (see figure 1).
Eq. (3.5) shows a strong but smooth finite volume effect8, without any sign of a sudden
change of regime, as would be the case with a first order phase transition.
In the infinite volume limit we should recover the pseudoscalar mass mP,∞. Indeed we
checked for β = 5.6 and κsea = 0.1575 that m
2
P,∞ ' 0.432(18)GeV2, in good agreement
with SESAM [14]: m2P ' 0.432(9)GeV2. Furthermore m2P,∞ = 2.74(mq +mq¯), which from
the pion mass gives (mu + md)/2 ' 3.6MeV and from the kaon mass ms ' 90MeV at
3GeV. This compares fairly well to other lattice estimates.
4. Second iteration: fitting ΛQCD and power corrections
4.1 Fitting ΛQCD and O(1/µ
2) coefficient
Once we have an approximate estimate of the lattice spacings and dynamical masses,
we now proceed with a combined fit of αs on the line with approximatively constant
dynamical-quark mass which goes through β = 5.6, κsea = 0.1560: β = 5.8, κsea = 0.1525
and β = 6.0, κsea = 0.1505. This allows to reach momenta as large as ∼ 7.0 GeV, large
enough to see the asymptotic behaviour, provided we take into account O(1/µ2) corrections.
According to our ansatz (1.1), we need to fit simultaneously the lattice spacing ratios,
and the parameters ΛQCD and c (coefficient of αs,pert/µ
2). To fit the lattice spacings one
8We cannot compare our finite volume correction in eq. (3.4) to existing theoretical studies of finite
volume effects on ground state energies [21]: indeed, as already stressed, mP is not really a ground state
energy.
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µmin (GeV) ΛMS (MeV) c (GeV
2) χ2/d.o.f.
2.6 264(24) 2.66(77) 0.58
3.1 256(20) 3.03(85) 0.56
3.6 267(29) 2.51(1.21) 0.54
4.1 269(29) 2.44(1.75) 0.71
Table 2: Four-loop fit with power corrections, eq. (1.1), on varying energy windows (> µmin). The
stability of the fit is fairly good.
needs some analytic function to interpolate between the measured points and to adjust its
parameters simultaneously with the lattice spacings to the smallest χ2. Two approaches
are possible.
One approach is to use the asymptotic four loops behaviour plus αs,pert/µ
2 corrections
as the analytic function. This would allow to reach both goals with one stroke but at the
expense of eliminating about one half of the points at β = 5.6, κsea = 0.1560 which are too
low in energy to follow the asymptotic behaviour.
The other approach proceeds in two steps as follows. To fit the lattice spacings we
have used polynomials. At β = 5.6, κsea = 0.1560 we have used both the 16
4 and the 244
lattices. A universal polynomial (figure 2, Matching of lattice spacings) fitting all points
of the four lattice settings considered does indeed exist except for a few points which
happen to correspond to n = (Lµ)2/(4pi2)<∼2 − 4 where L is the length of the lattice. We
attribute this behaviour to a strong finite volume effect [3] and exclude the points below
some IR cutoff. Varying this IR cut from n > 2 to n > 4 leads to a variation in χ2 from
χ2/d.o.f. = 1.06 to χ2/d.o.f. = 0.79. For lower IR cut-offs the χ2 increases dramatically,
while for higher IR cut-offs too many points are excluded. The uncertainty induced by the
choice of the cutoff is taken into account in the systematic error which affects the values
quoted below. At this point, it should perhaps be emphasized again that this procedure
was tested on quenched data, providing us with the generally admitted lattice spacing
ratios. In this way we obtain:
a−1(5.8, 0.1525) = 2.85 ± .09± .04 × a
−1(5.6, 0.1560)
2.19GeV
GeV
a−1(6.0, 0.1505) = 3.92 ± .11± .07 × a
−1(5.6, 0.1560)
2.19GeV
GeV , (4.1)
where the central value corresponds to a cut at n ≥ 3, the first error is statistical and the
second is systematic. From now on, we are going to use these ratios, correcting the first
iteration estimates shown in table 1.
Once the lattice spacings have been estimated we perform a combined fit of Λ
Nf=2
MS
and the coefficient c as defined in eq. (1.1) with αNf=2s,pert given by the r.h.s. of eq. (2.7). The
result is plotted in figure 2, (Asymptotic fit of αs).
From the results in table 2 we conclude:
Λ
Nf=2
MS
= 264(27)
a−1(5.6, 0.1560)
2.19GeV
MeV c = 2.7(1.2)
[
a−1(5.6, 0.1560)
2.19GeV
GeV
]2
, (4.2)
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Figure 2: Fits of αs obtained with four lattices.
The same analysis using the formula in eq. (1.1) leads to
Λ
Nf=0
MS
' 252(10)MeV c = 1.0(1)GeV2 (4.3)
from our Nf = 0 data
9 [3].
If we use the first approach mentioned above, i.e. fitting from the beginning with the
formula of eq. (1.1), the result are perfectly compatible with eqs. (4.1) and (4.2). If we try
the same procedure without power corrections, keeping an energy window ranging from
9If the fit for Nf = 0 is performed according to α
Latt
s (µ
2) = αs,pert(µ
2) + c
µ2
instead of eq. (1.1) the
result is Λ
Nf =0
MS
' 237(10)MeV [4].
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Figure 3: Purely perturbative fit of αs.
2.6 GeV, we can obtain a best fit with the following parameters (see figure 3):
a−1(5.8, 0.1525) = 2.86(6) × a
−1(5.6, 0.1560)
2.19GeV
GeV
a−1(6.0, 0.1505) = 4.08(9) × a
−1(5.6, 0.1560)
2.19GeV
GeV (4.4)
and
Λ
Nf=2
MS
= 345(6) χ2/d.o.f. = 0.96 . (4.5)
It is not surprising that Λ
Nf=2
MS
is larger when the fit does not include 1/µ2 corrections,
since the parameters Λ
Nf=2
MS
and c vary naturally a contrario: if one increases the other
decreases. There is a possible contradiction between the acceptable χ2 found in (4.5) and
the fact that in eq. (4.2) the coefficient c is three standard deviations away from 0. This
might be due to some correlations in the data; further study is needed to settle the origin
of the discrepancy.
Let us nevertheless underline three facts that make us confident about the pertinence
of incorporing power corrections:
1. The OPE analysis [5] still holds in the unquenched case, so we theoretically expect
the presence of power corrections; we wonder about their magnitude.
2. In the pure Yang-Mills case [3, 4, 5] where high accuracy computations were achieved,
the purely perturbative formula could not provide us with a good fit, but the one
including power corrections managed to. This “numerical evidence” is comforted by
the good agreement of our value of Λ
Nf=0
MS
and that of the ALPHA collaboration
[5, 24].
– 11 –
J
H
E
P01(2002)046
3. Provided we do control the systematic uncertainties, the current data already show a
tendancy to discriminate in favour of the inclusion of non-perturbative terms. Indeed,
in the case of a fitwithout power corrections, the lattice data are lying over the fitting
curve for the lowest values of our energy window, and under the curve for the highest
energy values. We expect this tendancy to become clearer with higher statistics.
Of course, we are conscious that the present letter would benefit from a deeper discus-
sion of systematic errors. In particular the use of non-improved dynamical quarks leads to
O(a) errors. However our lattice spacings are all rather small and these errors partly cancel
in the ratios of lattice spacings. The dominant error is thus an overall O(a) error on the
calibrating lattice spacing. This error propagates multiplicatively to the values of Λ
Nf=2
MS
and c. We are not in a position at the moment to estimate in a reliable way this systematic
error. A rough estimate can be obtained either by analogy with the quenched case, looking
at [25, figure 4] for a−1 ∼ 2.2GeV or directly in the unquenched case from [14, figure 2].
A crude estimate is 20%. This would give 50MeV on Λ
Nf=2
MS
. The effect on αs(MZ) will
be a systematic error of ±.004.
It is useful to notice that the O(a) errors are O(amsea) or O(aΛQCD). No errors O(aµ)
are expected due to symmetry reasons: the hypercubic symmetry of the lattice (µν → −µν
for any ν) implies that the momentum dependent errors are O(a2µ2), exactly as in the
pure Yang-Mills case. We did not see any significant effect of the latter errors for the
momenta that we have considered. In particular such errors should show up in figure 2 as
a systematic deviation from the global fit for the data with largest a2µ2.
4.2 Estimating αs(Mz)
At an energy of the order of the Z meson mass the O(1/µ2) power correction becomes
irrelevant. We will therefore only keep αs,pert, the perturbative part of αs from our fit and
extrapolate. We proceed as indicated in [13]. We start from an energy of 1.3 GeV, the MS
charm mass which is taken as the charm threshold.10 At such an energy we will extrapolate
from our quenched and two-flavour results to three flavours. We then start evolving up
with four flavours to the beauty threshold, 4.3 GeV, and then further up with 5 flavours to
MZ .
Applying eqs. (2.3)–(2.7) with the values of ΛMS in eqs. (4.2) and (4.3) and assuming
a−1(5.6, 0.1560) = 2.19GeV we get in MS scheme
αNf=0s,pert(1.3) = 0.259(6) , α
Nf=2
s,pert(1.3) = 0.306(20) , α
Nf=3
s,pert(1.3) = 0.329(26) , (4.6)
where the Nf = 0, 2 results come from direct lattice estimates in [3] and in this work, while
the Nf = 3 has been extrapolated from the two latter.
11
10We have preferred to follow the tradition here, although it is not clear to us why one should use the MS
mass and not the pole mass, and why the threshold is at mc and not 2mc where the charm loop dispersive
contribution starts for the gluon propagator.
11We simply assume that the extrapolation to an odd number of flavors is legitimate, not knowing what
to do better.
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The evolution up toMZ (where non-perturbative corrections are negligeable) and down
to Mτ gives
αs(MZ) = 0.113(3)(4) αs,pert(Mτ ) = 0.283(18)(37) , (4.7)
where the second error comes from the systematic error on the calibrating lattice spacing.
5. Discussion and conclusion
We should reemphasize that this is mainly a progress report. Most of the results reported
here were performed on small volumes and with rather large quark masses. Our goal was
to undertake a first exploration of the parameter space. It turned out that the results seem
to make sense. The rather smooth junction of the αs points from three different lattices
show that overwhelming ultraviolet or infrared lattice artifacts are absent.
The points from different lattices with identical momenta do coincide unless (Lµ)2/
(4pi2)<∼2. Suffering presumably from strong finite volume effects these points have been
excluded from the global fits. The comparison at β = 5.6, κsea = 0.1560 of the 16
4 and
the 244 volumes are encouraging and should be extended to other sets (β, κsea). The finite
volume effect on masses seems to be well accounted for by eqs. (3.4) , (3.5) , and the good
agreement of mP,∞ with the estimate in [9], performed on a larger time interval, confirms
this optimism.
Our result for αs(MZ) is about 2 standard deviations below the world average exper-
imental αs(MZ) = 0.119(2) [13]. It is slightly larger, although compatible within errors,
with the result12 of [10]: αs(MZ) = 0.1076(20)(18). Older results using NRQCD were
closer to experiment: α
(5)
s (MZ) = 0.1174(24) [8], α
(5)
s (MZ) = 0.118(17) [9]. Our result
for αs,pert(Mτ ) is also 2 σ’s below the experimental value of 0.334(22) MeV [22]. How-
ever, the meaning of this comparison is unclear because we cannot take into account the
non-perturbative contribution to αMSs at Mτ .
We consider the fact that our preliminary result is 2 σ’s below experiment as very
encouraging. We should stress that the error presented in eq. (4.7) corresponds to the
statistical error and only to some systematic errors: mainly the choice of the fitting window
and the calibration error. Other systematic effects should be systematically explored such
as that of the dynamical-quark action and that of the mass of the dynamical-quark (ours
are rather heavy). A calculation with a lighter dynamical-quark mass is in progress. As
a final remark we would like to stress that our value for αs(MZ) is strongly correlated to
the rather large 1/µ2 corrections that we find in our fit. Starting from eq. (4.4) i.e. from
a fit without power corrections we obtain αs(MZ) = 0.1211(3)(40). As already stated, in
the fits, ΛMS and c show an understandable tendency to vary a contrario. We are clearly
encouraged to follow on this analysis and try to refine our result for αs(MZ).
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We argue that the ^AOPE
2 & condensate found in the Landau gauge on lattices, when an operator product
expansion of Green’s functions is performed, might be explained by instantons. We use cooling to estimate the
instanton contribution and extrapolate back the result to the thermalized configuration. The resulting ^A inst
2 & is
similar to ^AOPE
2 &.
DOI: 10.1103/PhysRevD.66.034504 PACS number~s!: 12.38.Aw, 11.15.Ha, 12.38.Cy, 12.38.GcI. INTRODUCTION
Lattice calculations of the gluon propagator and three-
point Green’s function in the Landau gauge indicate that the
expected perturbative behavior at large momentum p has to
be corrected by a O(1/p2) contribution sizeable up to 10
GeV @1–5#. An understanding of this contribution as the ef-
fect of an A2[Am
a Aa
m condensate @in the Landau gauge A2 is
the only mass dimension-two operator liable to have a
vacuum expectation value ~VEV!# has been gained by veri-
fying that two independent Green’s functions could be de-
scribed by the perturbative contribution corrected by the ef-
fect of one common value of ^AOPE
2 &, as expected from the
operator product expansion ~OPE!. The physical origin of
this condensate is an important question, possibly involving
the non-trivial topology of the QCD vacuum. In particular,
instantons provide an interesting insight into a wide range of
low energy QCD properties ~@6# and references therein!.
They have been put into evidence on the lattice using differ-
ent cooling procedures. In this paper we claim that instantons
provide for ^A2& a value close to what is needed for the OPE
fit to Green’s functions.
We propose a method to identify instantons from the
cooled gauge configuration, count them and measure their
radii; we also check that these results are compatible with the
instanton number deduced from the two-point correlation
function of an instanton. We then estimate ^A inst
2 &, the contri-
bution of the instantons to ^A2& in cooled configurations,
extrapolate back to the thermalized configurations ~zero
cooling sweeps! and, finally, compare the outcome with the
OPE estimate.
II. COOLING AND INSTANTON COUNTING
BY SHAPE RECOGNITION
A. Cooling
In order to study the influence of the underlying classical
properties of a given lattice configuration, the first step will
be to isolate these structures from UV modes. The method
we use is due to Teper @7#; it consists of replacing each link0556-2821/2002/66~3!/034504~5!/$20.00 66 0345by a unitary matrix proportional to the staple. A cooling
sweep is performed after replacing all the links of the lattice.
This procedure introduces largely discussed biases, such as
UV instanton disappearance and instanton–anti-instanton
pair annihilations, that increase with the number of cooling
sweeps; alternative cooling methods have been proposed ~see
for example @8# and references therein! to cure these dis-
eases. We will try to reduce them by identifying the instan-
tons after a few cooling sweeps and extrapolating back to the
thermalized gauge configuration.
B. Instantons
Instantons ~anti-instantons! are classical solutions @9# of
the equations of motion. We work in the Landau gauge
which is defined on the lattice by minimizing (xAm(x)2. For
an instanton solution this prescription leads to the singular
Landau gauge, where the gauge field is @9#
Am
(I)a5
2h¯ mn
a xnr
2
x2~x21r2!
, ~1!
r being the instanton radius. The instanton chosen has been
centered at the origin with a conventional color orientation.
These solutions have Q561 topological charge,
Q[ g
2
32p2
E d4xFamnF˜ mna 56 g232p2E d4xFamnFmna , ~2!
where F˜ mn5 12 emnrsFrs. From Eq. ~1! the topological charge
density is
Qr~x !56
6
p2r4
S r2
x21r2
D 4. ~3!
On the lattice, the topological charge density will be com-
puted as
Q latt~x !5
1
29p2 (61
64
e˜mnrsTr@Pmn~x !Prs~x !# , ~4!©2002 The American Physical Society04-1
PH. BOUCAUD et al. PHYSICAL REVIEW D 66, 034504 ~2002!with Pmn(x)5Um(x)Un(x1maˆ )Um† (x1maˆ 1naˆ )Un†(x
1naˆ ), and e˜mnrs the antisymmetric tensor, with an extra
minus sign for each negative index.
C. Identification of instantons
A common belief is that an instanton liquid gives a fair
description of important features of the QCD vacuum. Along
this line we will try a description of our cooled gauge con-
figuration as an ensemble of non-interacting instantons with
random positions and color orientations. We hence also ne-
glect the interaction-induced instanton deformations and cor-
relations. Although the instanton ensemble for the QCD
vacuum cannot be considered as a dilute gas @6–12#, this
crude assumption allows a qualitatively reasonable picture,
especially near the instanton center.
Many enlightening works have studied the instanton prop-
erties from lattice gauge configurations,1 among which are
@13–16#. As for us, we start by searching regions where the
topological charge density looks like that of Eq. ~3!. Starting
from each local maximum or minimum of Q latt(x) we inte-
grate over all neighboring points with uQ latt(x)u
>auQ latt(xmax)u, for different values of a ranging from 0.8
to 0.4. A local extremum is accepted to be an ~anti-!instanton
if the ratio e between the lattice integral and its theoretical
counterpart, Qr(x),
e5~123a1/212a3/4!21E
x/uQ(x)u>auQ(0)u
d4x Q latt~x !
~5!
shows a plateau when a is varied. Indeed for a theoretical
~anti-!instanton e51 (e521) for any aP@0,1# . As a cross-
check of self-duality, this instanton shape recognition ~ISR!
procedure is applied on the lattice to both expressions for Q
introduced in Eq. ~2!.
D. Instanton numbers and radii
The ISR method resolves the semiclassical structure on
the lattice with only ;5 cooling sweeps. This early recogni-
tion reduces the possible cooling-induced bias.
Whenever this method succeeds, we measure the radius of
the accepted instanton in two separate ways: from the maxi-
mum value of Q, written Q lattmax , at the center of the instanton,
and from the number Na of lattice points in the volume
*x/uQ(x)u>auQ(0)ud4x . We find
r/a5A4 6
p2Q lattmax
5
1
Aa21/421
A4 2Na
p2
. ~6!
These two measures of the radius agree within 10%.
1A detailed comparison of our results to theirs will appear in a
forthcoming extensive work.03450III. GLUON PROPAGATOR
A. The instanton gauge-field correlation function
The classical gauge-field two-point correlation function
verifies, for any position and color orientation,
1
8 (a G
¯
mn
aa [
1
8V (a Am
(I)a~k !An
(I)a~2k !
5G¯ (2)~k2!S dmn2 kmknk2 D , ~7!
where V is the volume in the Euclidean four-dimensional
space and Am
(I)a(k) is the Fourier transform of Eq. ~1!. The
resulting scalar form factor is
G¯ (2)~k2!5
32p4
Vk6
S 12~kr!22 K2~kr! D
2
, ~8!
K2 being a Bessel function @17#. Equation ~8! equally applies
to instantons and anti-instantons.2
In a perfect gas approximation for an ensemble of nI (nA)
~anti-!instantons of radius r , the classical gauge-field corre-
lation function is simply given by Eq. ~8! times the number
of instantons and anti-instantons, nI1nA . This correlation
function is the contribution of the background field to the
gluon propagator. We expect this formula to describe the
behavior of the lattice gluon propagator once the effect of
quantum UV fluctuations is removed by the cooling proce-
dure @7#. The effect of instanton interactions is known
@10,11# to modify the instanton shape far from its center, in
the IR region. But the large k2 behavior should be appropri-
ately given by Eq. ~8! i.e. }1/k6. This is shown in Fig. 1~a!
for one generic lattice gauge field configuration.
The theoretical lines in that plot3 are generated by Eq. ~8!
using the average radius r and nI1nA computed from the
ISR method. Note that the matching improves with the num-
ber of cooling sweeps. This agrees with the expectation that
decreasing the instanton density reduces the instanton defor-
mation and that quantum fluctuations are damped by cooling.
Reversely, if we know the average radius from the ISR
method, we can compute nI1nA from the fit to the measured
propagator.
B. The hard gluon propagator
Let us now consider a hard gluon of momentum pm
propagating in an instanton gas background. The gluon inter-
acts with the instanton gauge field. This can be computed
with Feynman graphs and it is easy to see that when the
instanton modes km verifies km;1/r!pm , the dominant
contribution is an O(1/p2) correction to the perturbative
gluon. This correction is equal to the standard OPE Wilson
2A similar analysis is being performed parallel, in other context,
by Broniowski and Dorokhov @18#.
3We multiply by k2 to compute a dimensionless object and per-
form the matching.4-2
INSTANTONS AND THE ^A2& CONDENSATE PHYSICAL REVIEW D 66, 034504 ~2002!FIG. 1. In Fig. 1~a! ~left! we present the lattice gluon propagators after several number of cooling sweeps ~points! and the corresponding
theoretical instanton gauge-field correlation functions ~lines! in the perfect instanton gas approximation, Eq. ~8!, plotted as a function of n2
(nm[L/(2p)km , L being the lattice length!. In Fig. 1~b! ~right!, we show the extrapolation at zero cooling of ^A2(nc)& in physical units ~for
three different trial functions!.coefficient @2,3# times ^A inst
2 (0)&[1/V*d4x(A (I))2(x). We
will now proceed to estimate this instanton-induced conden-
sate.
IV. A2 CONDENSATE
A. A2 in instantons
From Eq. ~1! we get
^A inst
2 ~nc!&[
nI1nA
V E d4x(m ,a Am(I)aAm(I)a
512p2r2
nI1nA
V , ~9!
where r is the average instanton radius in the considered
cooled configuration and nc is the number of cooling sweeps.
We use an ensemble of 10 independent gauge
configurations4 at b56.0 on a 244 lattice. Each configuration
has been cooled and after 5, 7, 10, 15, 30 and 100 cooling
sweeps transformed into the Landau gauge. Using the ISR
method on each gauge configuration, we obtain the results of
Table I. In this table we also present the number of
~anti-!instantons and the corresponding value for ^A2(nc)&
computed by a correlation function fit ~CFF! i.e. a fit of the
lattice propagators to the instanton correlation function, Eq.
~8!. The CFF method is expected to be affected differently
from the ISR method by systematic uncertainties: instanton
interactions, deformations and quantum fluctuations @as we
can see in Fig. 1~a!, at low momentum#, and we therefore
consider as quite encouraging the qualitative agreement, be-
coming quantitative at large nc , between ISR and CFF re-
sults. We have, for simplicity, translated our lattice results
4Considering the present size of our systematic uncertainties we
did not consider it worthwhile to further increase the statistics.03450into physical units using, for all values of nc , the nc50
inverse lattice spacing, a21(nc50)51.996 GeV ~at b
56.0). This simple recipe overlooks the effect of cooling on
the lattice spacing ~see Ref. @15# and references therein! but
this simplification becomes harmless after extrapolating back
our results to nc50.
B. A inst2 nc at zero cooling
The instanton number depends on the number of cooling
sweeps. This result may imply that the cooling procedure
destroys not only quantum UV fluctuations but something
else from the semiclassical background of gauge fields. To
lessen this problem we take advantage of the early recogni-
tion of the instanton content in a gauge configuration ensured
by the ISR method and perform an extrapolation @19# to nc
50 of the ISR results for ^A inst
2 (nc)& in the table. We then
obtain @see Fig. 1~b!#:
^A inst
2 ~nc50 !&51.76~23! GeV2. ~10!
We have used a form a/(b1nc) to fit and extrapolate. We
have also varied a little this functional form to check the
stability of the extrapolation. We take this result as indicative
of the non-perturbative instanton contribution to the ^A2&
TABLE I. Estimates of ^A inst
2 (nc)&.
r (fm) nI1nA ^A2& (GeV2)
nc ISR ISR CFF ISR CFF
5 0.329~2! 87~2! 93~10! 1.38~3! 0.9~8!
7 0.361~2! 74~2! 59~1! 1.42~5! 1.12~2!
10 0.394~4! 60~1! 38~1! 1.36~4! 0.86~2!
15 0.417~5! 43~1! 28~1! 1.11~4! 0.72~2!
30 0.452~9! 26~1! 19~1! 0.80~6! 0.57~3!
100 0.53~1! 10~1! 9~1! 0.43~3! 0.37~3!4-3
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gas parameters taken from the available literature to Eq. ~9!,
the value of ^A (I)
2
& would range5 from 1 to 2 GeV2. On the
other hand, parameters from instanton liquid based phenom-
enology @6# yield estimates of the order of 0.5 GeV2. As the
quoted error in Eq. ~10! is only statistical, this last range
somehow estimates a certain systematic uncertainty.
C. Comparison with A2 from OPE
Our instanton estimate of ^A2& is a semiclassical one, de-
prived of the necessary UV fluctuations, and therefore not
directly comparable with @2# ^AOPE
2 &(10 GeV)
52.4(5) GeV2. There is of course no exact recipe to com-
pare both estimates, since the separation between the semi-
classical nonperturbative domain and the perturbative one
cannot be exact. We may appeal to the fact that at the renor-
malization point m , the radiative corrections are minimized;
therefore a semiclassical estimate must best correspond to
^AOPE
2 & at some reasonable m . In the example of f2 vacuum
expectation in the spontaneously broken f4 model given in
@21#, one finds indeed that it equals the classical estimate for
m around the spontaneously generated mass. In our problem,
one could guess that the corresponding scale should typically
be around 1/r.0.7 GeV, or some gluonic mass, a very low
scale anyway. We cannot run ^AOPE
2 &(10 GeV) down to such
a low scale @2#,
AR ,m
2 5AR ,m0
2 S 113544 ln mm0Y ln mLMOMD . ~11!
We therefore stop arbitrarily m;2.6 GeV, where the OPE
corrected perturbative running of the Green’s functions fails
to correctly describe their behavior. This scale of 2.6 GeV
turns out to be of the same order @2# as the critical mass @22#
for the gluon propagator. At this scale, we obtain
^AOPE
2 ~2.6 GeV!&51.4~3 !~3 ! GeV2, ~12!
5We use the parameters obtained in @20# for simulations on differ-
ent lattices and b’s with a cooling improved to let scale invariant
instanton solutions exist for large enough instanton sizes. We only
quote anyway the results where the packing rate, p2/2(r/L)4(nI
1nA), is as much as 1, since our method to estimate ^A inst2 (nc)&
assumes limited overlap between instantons.03450where the first quoted error just propagates the uncertainty
from the OPE determination of ^A2& and the second one
takes into account, in the way proposed in Ref. @4#, higher
orders6 in as for running.
V. DISCUSSION AND CONCLUSIONS
We are aware that our method of comparison of
^A inst
2 (nc50)& and ^AOPE2 & suffers from a lot of arbitrariness
and approximations ~such as the perfect gas approximation,
possible errors in the instanton identification, the uncertainty
in the extrapolation to zero cooling sweeps, etc.!. We have
taken care to cross check our estimates by comparing differ-
ent methods at each step of the computation, in particular the
ISR and CFF @see Fig. 1~a! and Table I!. A comparison with
direct ‘‘measurements’’ of the ^A2& condensate from cooled
lattice configurations could be thought of as an additional
crosscheck. Qualitative agreement is found for a large
enough number of cooling sweeps, but this agreement is
manifestly destroyed by UV fluctuations already for nc;30.
Of course, by using ISR and instanton gas approximation we
sharply separate UV fluctuations from the semiclassical
background. All these imprecisions seem inherent to the sub-
ject anyway.
With this in mind, we nevertheless take the fair agreement
between Eqs. ~10! and ~12! as a convincing indication that
the A2 condensate receives a significant instantonic contribu-
tion. In other words, the instanton liquid picture might yield
the explanation for the 1/p2 corrections to the perturbative
behavior of Green functions computed with thermalized con-
figurations on the lattice.
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We give a more transparent understanding of the vacuum expectation value of the renormalized local
operator A2 by relating it to the gluon propagator integrated over the momentum. The quadratically divergent
perturbative contribution is subtracted and the remainder, dominantly due to the O(1/p2) correction to the
perturbative propagator at large p2 is logarithmically divergent. This provides a transparent derivation of the
fact that this O(1/p2) term is related to the vacuum expectation value of the local A2 operator and confirms a
previous claim based on the operator product expansion ~OPE! of the gluon propagator. At leading logarithms
the agreement is quantitative, with a standard running factor, between the local A2 condensate renormalized as
described above and the one renormalized in the OPE context. This result supports the claim that the BRST
invariant Landau-gauge A2 condensate might play an important role in describing the QCD vacuum.
DOI: 10.1103/PhysRevD.67.074027 PACS number~s!: 12.38.Aw, 11.15.Ha, 12.38.Cy, 12.38.GcI. INTRODUCTION
In a series of lattice studies @1–4# the gluon propagator in
QCD has been computed at large momenta, and it was
shown that its behavior was compatible with the perturbative
expectation provided a rather large 1/p2 correction was con-
sidered. In an OPE approach this correction has been shown
@2,3# to stem from an A2 gluon condensate which does not
vanish since the calculations are performed in the Landau
gauge. It was also claimed @4# that this condensate might be
related to instantons.
The role of such a condensate in the nonperturbative
properties of QCD, in particular its relation to confinement,
has been studied by several groups @5,6#. Of course any
physics discussion about the A2 condensate necessitates a
clear definition of what we speak about, i.e., it needs a well
defined renormalization procedure to define the renormalized
local A2 operator, since A(0)2 is a quadratically divergent
quantity as can easily be seen in perturbation theory. A renor-
malization of A2 was defined in @2,3# within the OPE context
which we now briefly summarize. It uses the notion of ‘‘nor-
mal order product’’ in a ‘‘perturbative vacuum’’ which is
annihilated by the fields A. It implies that ^:A(0)2:&pert50 in
the perturbative vacuum.1 The contribution to ^:A(0)2:& in
the true QCD vacuum is then of nonperturbative origin. It
has only logarithmic divergences and it is multiplicatively
renormalized. Of course this notion of a perturbative vacuum
in which Fock expansion could be performed has not a very
transparent physical meaning, especially in a nonperturbative
context such as the numerical Euclidean path integral
method.
A2 is not a gauge invariant operator but the bare A2 con-
densate is a very special object since, by definition, it is a
1The symbol ‘‘::’’ represents the normal ordered product in
this perturbative vacuum.0556-2821/2003/67~7!/074027~6!/$20.00 67 0740minimum of the gauge orbit @6#. In other words, some im-
portant physics seems to lie beneath the Becchi-Rouet-Stora-
Tyutin ~BRST! invariance of A2 in Landau gauge. The au-
thors of Ref. @5# discussed on the generalized2 composite
operator AmAm12i(12j)c¯c , which is BRST invariant in
the manifestly Lorentz covariant gauge, and examined the
survival of this invariance after renormalization. In this pa-
per, although in a different context, we also examine the
same point: the subtle relationship between the minimum of
bare A2 in the gauge orbit and any gauge-independant physi-
cal phenomenology associated to the renormalized conden-
sate @6#, emerging for instance from the OPE analysis @1–4#.
To this aim, we will derive the renormalized A2 vacuum
expectation value without using the normal ordering but us-
ing only the OPE expansion of the gluon propagator.3 It will
provide a more transparent definition, related directly to a
quantity which is actually measured.
We start from the observation that the non renormalized
^A(0)2& is related to the integral of the gluon propagator
over momentum. Hence it is expected that the nonperturba-
tive contribution to A2 has to do with the nonperturbative
contribution to the gluon propagator. The latter contains pre-
cisely 1/p2 contributions due to the A2 condensate at large
momenta, and also strong deviations from perturbative QCD
at small momenta, see Fig. 1 ~taken from @1–4#!. How does
this fit together?
II. BARE, PERTURBATIVE AND NONPERTURBATIVE A2
It is possible in principle from lattice calculations to de-
fine the nonperturbative gluon propagator in the Landau
gauge. Lattice calculations provide the bare gluon propaga-
2Landau gauge is recovered in the limit j→1.
3Of course the normal ordering has been used in @2,3# to compute
the anomalous dimension of A2 and the Wilson coefficient c2.©2003 The American Physical Society27-1
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different values of the lattice spacing one can in principle
compute the renormalized gluon propagator from zero mo-
mentum up to as large a momentum as one wishes. An ex-
ample of such a nonperturbative propagator is shown in Fig.
1. We can choose, for example, the momentum subtraction
~MOM! renormalization scheme,4 such that
GR
(2)~p25m2!5
1
m2
. ~1!
This implies a renormalization of the gluon fields
AnR5Z3~m!21/2An bare , Z3~m![m2Gbare
(2) ~m2!. ~2!
The renormalization constant Z3 has to be understood as re-
lated to any regularization method and any value of the UV
regulator provided that the latter is larger than the momenta
carried by the gluons. The coupling constant is also renor-
malized in a MOM scheme. Initially, the particular kinemat-
ics of the three-gluon vertex leading to the definition of the
coupling should be specified. In fact, the perturbative 1 OPE
analysis we show in Fig. 1 is performed with the choice of
the asymmetric MO˜ M scheme, one of the incoming gluon
momenta being zero. Concerning the conclusions of the
present paper, they shall be derived from leading-logarithm
computations which are not affected by the kinematics of the
renormalization point for a , then we do not specify the ki-
4Notice that the chosen renormalization scheme is not relevant in
our argument in this paper, but we clearly need a scheme in which
nonperturbative quantities coming from lattice simulations can be
accommodated. MOM is one of the simplest. On the contrary the
modified minimal subtraction (MS) scheme does not satisfy this
condition.
FIG. 1. Gluon propagator extracted from lattice calculations
renormalized at m510 GeV and plotted between 0 and 9 GeV. The
curve corresponds to the fit written in Eq. ~7!. It results that the
infrared cutoff pmin can be safely taken around 2.6–3.0 GeV.07402nematics any more on the following. The Yang-Mills theory
is thus fully renormalized and from now on we will consider
only renormalized gauge fields and propagators.
The propagator is defined in Euclidean space by
E d4xeipx^Am Ra ~0 !An Rb ~x !&
5da ,bFdm ,n2 pmpnp2 GGR~p2!. ~3!
Inverting the Fourier transform,
(
a ,m
^Am R
a ~0 !Aa
m R~0 !&5
3~Nc
221 !
~2p!4
E d4pGR(2)~p2!
5
3~Nc
221 !
16p2
E p2dp2GR(2)~p2!.
~4!
This integral is quadratically divergent in the ultraviolet. In-
deed, if the gauge fields and the coupling constant have been
renormalized, the local A2 operator has not yet. Let us intro-
duce an ultraviolet cutoff L and define
^AR~m!2&L5
3~Nc
221 !
16p2
E
0
L2
p2dp2GR
(2)~p2!, ~5!
where AR(m)2 refers to the square of the gauge fields
renormalized at the scale m , but where A2 has not been
renormalized as a local product of operators. The symbol
‘‘^&’’ represents the vacuum expectation value ~VEV!.
(AR)2 is clearly an UV divergent quantity. The index L re-
fers to the ultraviolet cutoff and m to the renormalization
point for the gauge fields and the coupling constant. The
cutoff L has nothing to do with the lattice cutoff a21. The
renormalization in Eqs. ~1! and ~2! has eliminated any de-
pendence in the different lattice spacings which have been
used to produce the renormalized propagator. L is introduced
simply to control the quadratic and logarithmic divergences
we encounter here.
The dominant contribution to this integral is the perturba-
tive one. To separate the perturbative contribution from the
nonperturbative we will now use the results of @3#,
p2GR
(2)~p2,m2![
p2G (2)~p2!
m2G (2)~m2!
5c0S p2
m2
,a~m!D 1c2S p2
m2
,a~m!D
3
^~A2!R~m!&
4~Nc
221 !
1
p2
, ~6!
where G (2)(p2) is the bare propagator. This expansion does
not exactly separate the perturbative from the nonperturba-
tive contribution because of the denominator m2G (2)(m2)7-2
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convenient to introduce a slightly different renormalization
R8:
p2GR8
(2)
~p2,m2![
p2G (2)~p2!
m2Gpert
(2) ~m2!
5
c0Xp2
m2
,a~m!C
c01,a~m! 1
c2Xp2
m2
,a~m!C
c01,a~m!
3
^~A2!R~m!&
4~Nc
221 !
1
p2
, ~7!
where (A2)R(m) represents the A2 operator renormalized as
a local operator at the scale m . Here the denominator is only
the perturbative contribution to the Green function whence
the first term in Eq. ~7! is purely perturbative: it runs pertur-
batively with a perturbative MOM renormalization condition
at p25m2. Let us define for simplicity the constant
z0[
1
c01,a~m!5
G (2)~m2!
Gpert
(2) ~m2!
511OS 1
m2
D . ~8!
We know from @3# that the first term in Eq. ~7!,
z0c0p2/m2,a(m), represents the three loop perturbative
contribution. The second, z0c2p2/m2,a(m), appears as the
leading logarithm Wilson coefficient of the first nonperturba-
tive correction O(1/p2), which we attributed @3# to the
vacuum expectation value of the renormalized local operator
^(A2)R(m)&.
Let us now introduce some notations:
~A2!R~m!5ZA2
21
~m!:Abare
2 :
5@ZA2~m!Z3
21~m!#21:AR~m!2:, ~9!
where the symbol :: represents the normal ordered prod-
uct in the perturbative vacuum.5 We define Zˆ (m)
[Z3
21(m)ZA2(m), the anomalous dimension for these renor-
malization constants given by
gA2a~m![ dd ln m2 ln ZA2~m!52
35NC
12
a~m!
4p 1 ,
gˆ ~a~m!![
d
d ln m2
ln Zˆ ~m!52gˆ 0
a~m!
4p 1
52
3NC
4
a~m!
4p 1 . ~10!
Our main goal in this paper is to understand better the con-
nection between ^(A2)R(m)& defined in @3# and the AR(m)2
object considered here.
5The :: symbols have been erroneously omitted in @3#.07402The expansion in Eq. ~7! is only valid above some mo-
mentum p>pmin . Typically we have taken pmin52.6 GeV
for our fits reported in @1–4#.
From Eqs. ~5!, ~7! we decompose
^AR~m!2&L5^AR~m!2&Lpert1^AR~m!2&LOPE
1^AR~m!2&LIR ~11!
where
^AR~m!2&Lpert5
3~Nc
221 !z0
16p2
E
pmin
2
L2
dp2c0S p2
m2
,a~m!D ,
~12!
^AR~m!2&LOPE5
3~Nc
221 !z0
16p2
E
pmin
2
L2 dp2
p2
c2S p2
m2
,a~m!D
3
^~A2!R~m!&
4~Nc
221 !
, ~13!
^AR~m!2&LIR5
3~Nc
221 !
16p2
E
0
pmin
2
p2dp2GR8
(2)
~p2!.
~14!
A few comments are in order here. ^AR(m)2&Lpert corre-
sponds indeed to the perturbative computation of the vacuum
expectation value of A2, i.e., to the connected diagrams with
no external legs and with one A2 inserted. However, the
coupling constant and the gluon fields in the diagrams have
been consistently renormalized at the scale m . To leading
order Eq. ~12! leads to
^AR~m!2&Lpert →
L→‘
3~Nc
221 !
16p2
L2H S lnS LLQCDD
lnS mLQCDD D
g0 /b0
3F 11OS 1lnS LLQCDD D G1OS
pmin
2
L2
D J ,
~15!
which diverges more than quadratically. Note that the depen-
dence in pmin
2 is subdominant.
In Eq. ~13! the left-hand side has been defined from the
decomposition of the integral ~5! according to Eq. ~7!. The
right-hand side contains ^(A2)R(m)& already discussed. The
latter is just a number which factorizes out of the integral in
Eq. ~13!. We thus see that ^AR(m)2&LOPE and ^A2R(m)&
are proportional.7-3
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and to compare ^AR(m)2&LOPE with the other subleading
term, ^AR(m)2&LIR . From @3# and Eq. ~8! we know that z0
511O(1/m2). In our calculation of the integral in Eq. ~13!,
being performed to the leading logarithm, we will take
z0c25c2 in the following. From ~23! in @3#,
c2S p2
m2
,a~m!D 512pa~p !S a~p !a~m! D 2gˆ 0 /b0. ~16!
Let us also recall
Z3~m!}a~m!g0 /b0, ^~A2!R~m!&}a~m!2gA2 /b0
~17!
with
b0511, g0513/2, gA25
35
4 , g
ˆ 05gA22g05
9
4.
~18!
From Eq. ~13! and the leading logarithm relation
dp2/p25dlog~p2!.2
4p
b0
da
a2
~19!
we find
^AR~m!2&LOPE5
3~Nc
221 !
16p2
~12p!
a~m!2gˆ 0 /b0
3
^~A2!R~m!&
4~Nc
221 !
4p
b0
E
a(L)
a(pmin)
daa212(gˆ 0 /b0)
5^~A2!R~m!&
3F S a~L!a~m! D 2g
ˆ
0 /b0
2S a~pmin!a~m! D
2gˆ 0 /b0G .
~20!
It is interesting to notice that the coefficient b0 /gˆ 0 stemming
from the integration over a is exactly compensated by the
prefactors outside the integral, the origin of which does not
appear at first sight to be related to the anomalous dimension
of A2. Had we taken any other anomalous dimension instead
of gˆ 0, say some g8, we would have ended with a constant
9/(4g8) in front of the RHS of Eq. ~20!.
In the large L limit, a(pmin)@a(L) whence, since gˆ 0 is
positive, the main result of this paper comes from
^AR~m!2&LOPE .
L→‘
^~A2!R~m!&S a~L!a~m! D
2gˆ 0 /b0
. ~21!
To leading logarithms and keeping m fixed,07402^AR~m!2&LOPE}a~L!2gˆ 0 /b0 →
L→‘
‘ . ~22!
On the other hand, from Eq. ~14!
^AR~m!2&LIR5const. ~23!
since it does not depend on L . It results that ^AR(m)2&LOPE
is dominant over ^AR(m)2&LIR in the decomposition ~11!.
This dominance will lead to the coming interpretation ~next
section! of the decomposition ~11!, which is indeed the main
result of this note. Of course, we perform our analysis in the
Landau gauge because of its conceptual @6# and numerical
~lattice Green functions @3#! particular interest. However, the
survival after renormalization of BRST invariance in covari-
ant gauges for the generalized composite operator claimed in
Ref. @5# seems to point out that an analogous analysis, with
similar results, for these gauges might be performed. How-
ever, this is hard to do because of the renormalization mixing
of both local operators A2 and c¯c ~the renormalization of the
generalized composite operator not being diagonal except for
very particular cases @5#!.
As an interesting special case, if m5L
^AR~L!2&LOPE →
L→‘
^~A2!R~L!&}a~L!2gA2 /b0. ~24!
III. CONCLUSION AND DISCUSSION
Our conclusion is summarized in
^~A2!R~m!&.^AR~m!2&LOPES a~L!a~m! D
gˆ 0 /b0
.@^AR~m!2&L2^AR~m!2&Lpert#S a~L!a~m! D
gˆ 0 /b0
.
~25!
Since notations are not conventional let us recall that the
^&L’s in the RHS represent the gluon propagator inte-
grated over momentum up to an UV cutoff, L , see Eqs. ~5!
and ~12!. The gluon fields and coupling constants are renor-
malized in all the terms appearing in these equations. Thus
we learn that the further renormalization of the local operator
A2 proceeds by substracting to the plain vacuum expectation
value of A2 the same object computed in perturbation. This
logarithmically divergent difference is then renormalized by
the powers of a in the RHS of Eq. ~25!. Not unexpectedly,
we retrieve in essence the initial expression of the renormal-
ization of the A2 operator through normal ordering ~i.e., sub-
traction of the perturbative VEV!, followed by the multipli-
cative, logarithmic renormalization ZA2. But apart from a
nontrivial consistency check, involving in particular the de-
tailed expression of the Wilson coefficient, we obtain an ex-
pression which is more transparent, since it only involves a
measurable quantity, the integral over the renormalized
propagator.
Equation ~25! presents a separation between perturbative
and nonperturbative contributions to the integrated propaga-7-4
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renormalization scheme, and on the order in perturbation
theory in which the Green functions are computed. It is also
well known that summing to infinity the perturbative series
may generate renormalons which behave like nonperturba-
tive condensates. To avoid any such problem we stick to a
finite order in the perturbative series. Furthermore, if the
quantitative separation between perturbative and nonpertur-
bative contributions depends on these prescriptions, the
results summarized in Eq. ~25! do not depend on them
provided that we use the same scheme and order when com-
puting both sides of Eq. ~25!. Of course the anomalous di-
mensions to leading logarithms do not either depend on
them.
This simple result has several interesting consequences.
First, it has been advocated @4# that the A2 condensate could
be dominantly due to the contribution to the path integral of
semiclassical gauge field configurations such as instantons
liquids. It is useful to consider this hypothesis through a
background field picture, i.e., factorizing the path integral
into an integral over semiclassical gauge field configurations,
and for each value of these an integral over quantum fluc-
tuations around this background configuration. It means that
the Hermitian matrix Am is decomposed into
Am5Bm1Qm~B !, A25B21$B .Q%11Q2~B !, ~26!
Bm being the background, assumed to be nonperturbative,
and Qm the quantum fluctuations assumed to be perturbative.
$BQ%1[BQ1QB . In principle, Qm depends on Bm and
differs from the quantum fluctuations around the trivial
vacuum Bm50 which is what perturbative QCD computes.
The hypothesis that ^(A2)R& is due6 to these semiclassical
gauge configurations is translated into (A2)R.B2. From
Eqs. ~25! and ~26!
^~A2!R&.^B2&.^A2&2^Q2~B50 !& ~27!
i.e., that @Q2(B)2Q2(B50)# is subleading.7 In other words,
the dependence of Qm on Bm is subleading. The hard quan-
tum fluctuations are not sensitive to the soft background
field.
A most interesting consequence of our result is related to
some discussions in @6#. These authors extend to QCD some
remarks stemming from compact U(1). They attribute a spe-
cial role to the A2 condensate, even if a gauge dependent
quantity, by arguing that A2 in the Landau gauge is the mini-
mum of A2 on the gauge orbit. One difficulty in this argu-
ment is the following: Fixing the Landau gauge amounts to
minimizing the ^Abare
2 & while the condensate refers to some
6This discussion is qualitative and we do not know how to define
rigorously the corresponding scale m . We therefore prefer to omit
writing m here.
7If B is a classical solution of the field equations, the term linear in
Q will vanish. B should be close to such a solution and we therefore
neglect $BQ%1 .07402renormalized quantity free of the quadratic and logarithmic
divergences. In compact U(1) life is simpler:
^Abare
2 &5^Apert
2 &1^Anonpert
2 &, ~28!
the perturbative theory is trivial and the nonperturbative con-
tribution is due, roughtly speaking, to the topology. A phase
transition when the coupling constant varies allows us to
measure directly the non perturbative contribution. We refer
to @6# for more details. Our result Eq. ~25!, exhibits in QCD,
up to subleading contributions, a linear decomposition simi-
lar to Eq. ~28!, although such a similarity is not at all obvious
at first sight. The next question could be whether in some
sense the ^A2&OPE computed in the Landau gauge is the mini-
mum of some quantity on the gauge orbit.
Last but not least, let us simply say that the result in Eq.
~25! provides a fairly simple understanding of what the A2
condensate is. It confirms that indeed the O(1/p2) correction
to perturbative QCD at large momenta has to do with the A2
condensate. Indeed, if one starts with some doubt about the
relation of the RHS of Eq. ~13! with an A2 condensate, just
considering it as an unidentified 1/p2 contribution, we
end-up with the conclusion that it yields a nonperturbative
contribution to the A2 VEV. The fact that in our derivation
this term has precisely the anomalous dimension of an A2
condensate comes form the fact that c2 in the RHS of Eq.
~13! has been computed under the assumption that it is due to
an A2 condensate, an assumption which has been shown to
fit fairly well the lattice data. Had we used another scale
dependence for c2 we would have ended with a wrong scale
dependence for the resulting nonperturbative contribution to
the A2 VEV. We would have also ended with a constant
different from 1 in front of the RHS of Eq. ~25!; see the
discussion following Eq. ~20!. In fact, the necessity of this
factor 1 in front of the RHS of Eq. ~25! could be thought to
introduce, at least up to one loop, a bound for A2 and gluon
anomalous dimensions and b function. A very recent work
@7#, which has appeared while this note was under consider-
ation, confirms such a bound up to all the orders in pure
Yang-Mills theory in the Landau gauge within the algebraic
renormalization. Thus the picture is fully consistent. On the
other hand, this result strongly supports the existence of
some underlying Slavnov-Taylor identity at the origin of
such a bound and opens the possibility to extend the results
of this paper, in particular Eq. ~25!, beyond the leading loga-
rithm approximation. How to do it, within the MOM renor-
malization scheme, is a work in progress.
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Cette thèse présente une évaluation sur réseau de la constante de couplage de la Chro-
modynamique Quantique (QCD) en jauge de Landau, dans des schémas de renormalisation
de type Momentum Substraction (MOM), à partir du calcul non-perturbatif du vertex à
trois gluons. Ce travail a été mené avec deux saveurs dégénérées de quarks de Wilson dy-
namiques. Il prend place au sein d'un programme scientiﬁque comprenant déjà une analyse
similaire dans le cadre de la théorie pure jauge.
Dans les deux cas, l'interprétation des données numériques requiert l'introduction d'un
condensat hA2i au moyen des techniques de développement en produit d'opérateurs (OPE).
La contribution de cette correction en puissance est non-négligeable jusqu'à 10 GeV dans
le cas pure jauge, mais sa prise en compte rend satisfaisant l'accord de l'ensemble des
résultats quenched et unquenched avec les données expérimentales.
Par ailleurs, ce travail propose aussi un mécanisme physique de création du condensat
hA2i dans le cadre d'un modèle de liquide ou de gaz d'instantons. Cette image permet de
plus d'interpréter de manière cohérente le comportement de la constante de couplage forte
dans l'infra-rouge profond.
Mots clés : Chromodynamique Quantique - Constante de couplage forte - Instanton -
QCD sur réseau - Quarks dynamiques - Développement en produit d'opérateurs - Conden-
sat hA2i.
This thesis provides a lattice evaluation of the coupling constant of Quantum Chro-
modynamics (QCD) in Landau gauge, in Momentum Substraction-like renormalisation
schemes (MOM), from a non-perturbative computation of the three-gluon vertex. This
work was achieved with two ﬂavours of Wilson dynamical quarks. It takes place in a scien-
tiﬁc program which already contains a similar analysis in the framework of the pure gauge
theory.
In both cases, interpreting numerical data requires the introduction of a hA2i-condensate
using the technics of the operator-product expansion (OPE). The contribution of this power
correction is non-negligible till 10 GeV in the pure gauge case, but taking it into account
gives a satisfactory agreement between the set of quenched as well as unquenched results
with experimental data.
Otherwise, this work also suggests a physical mechanism creating a hA2i-condensate
in the framewok of a model of instanton gaz or liquid. Moreover, this picture allows to
interpret the behaviour of the strong coupling constant in the deep infra-red region in a
consistent way.
Key words : Quantum Chromodynamics - Strong Coupling Constant - Instanton -
Lattice QCD - Dynamical quarks - Operator-product expansion - hA2i-condensate
